Abstract. We propose a definition of the Toledo invariant for representations of fundamental groups of smooth varieties of general type into semisimple Lie groups of Hermitian type. This definition allows to generalize the results known in the classical case of representations of complex hyperbolic lattices to this new setting: assuming that the rank of the target Lie group is not greater than two, we prove that the Toledo invariant satisfies a Milnor-Wood type inequality and we characterize the corresponding maximal representations.
Introduction
The Toledo invariant is a characteristic number naturally associated to representations of lattices of semisimple Lie groups of Hermitian type into other semisimple Lie groups of Hermitian type. Recall that a real semisimple Lie group G (with no compact factors) is said to be of Hermitian type if its associated symmetric space is Hermitian symmetric. The most general definition of this invariant can be found in Burger and Iozzi paper [BI] . It is given there in terms of the second bounded cohomology of the involved Lie groups and lattices but, in the case of torsion free uniform lattices, we can rephrase it as follows. Let X be an irreducible Hermitian symmetric space of the noncompact type and let G be a (torsion free) uniform lattice in the automorphism group of X. In this introduction, we loosely speak of the ''automorphism group of X'' while we actually mean ''a Lie group acting transitively and almost e¤ectively by complex automorphisms on X'', which could therefore be a finite cover of the true automorphism group of X. Let r be a representation, i.e. a group homomorphism, of G into a linear connected simple noncompact Lie group of Hermitian type G. Let also Y be the Hermitian symmetric space associated to G, so that Y ¼ G=K for some maximal compact subgroup K of G. There always exists a smooth r-equivariant map f : X ! Y and we can use this map to pull-back the G-invariant Kähler form o Y of Y to a closed 2-form f Ã o Y on X which by equivariance goes down to a form on X :¼ GnX that will still be denoted by f Ã o Y . The cohomology class defined by f Ã o Y depends only on r, not on the chosen equivariant map f . This class can then be evaluated against the Käh-ler class o X of X coming from the invariant Kähler form o X on X and this gives the Toledo invariant of r:
where m is the complex dimension of X .
Burger and Iozzi proved that the Toledo invariant satisfies a Milnor-Wood type inequality, namely that it is bounded in absolute value by a constant depending only on the ranks of the symmetric spaces X and Y and the volume of X ¼ GnX: if the invariant Käh-ler metrics o X and o Y are normalized so that the minimum of their holomorphic sectional curvatures is À1, then One of the main motivations in studying the Toledo invariant is that it allows to prove rigidity results by singling out a special class of representations, those for which the Milnor-Wood inequality is an equality. These so-called maximal representations have received a great amount of attention and one expects to be able to describe them completely. In this rigidity oriented approach, the interesting case is the case of lattices G in rank one Lie group (by the rank of a semisimple Lie group we shall always mean its split rank, that is the rank of its associated symmetric space, so that for example rk G ¼ rk Y). Indeed, lattices in higher rank Lie groups are known to be superrigid, which is stronger than what can be proved using the Toledo invariant. Therefore in this paper X will always be complex hyperbolic m-space, which as a bounded symmetric domain is the unit ball B m in C m , and G will be a (torsion free) uniform lattice in the automorphism group of B m . Such a lattice will be called a surface group if m ¼ 1, that is when X ¼ GnB 1 is a Riemann surface, and a higher dimensional complex hyperbolic lattice if m f 2.
The Toledo invariant was first defined for representations of surface groups into G ¼ SUðn; 1Þ in 1979 Toledo's paper [To1] and then more explicitly in [To2] , where the Milnor-Wood inequality was proved in this case. Toledo also proved that maximal representations are faithful with discrete image, and stabilize a complex line in the complex hyperbolic n-space Y. At approximately the same time, Corlette established in [C] the same kind of result for higher dimensional lattices (he used a di¤erent but very similar invariant), and this was extended to non uniform lattices in [BI] and [KM1] using the Toledo invariant. An immediate corollary is that a lattice in SUðm; 1Þ can not be deformed non-trivially in SUðn; 1Þ, n f m f 2, a result first obtained in the uniform case in [GM] using di¤er-ent methods. Therefore the case where the rank of the Lie group G is one is now settled. Maximal representations of surface groups into higher rank Lie groups are also quite well understood, thanks to the work of Burger, Iozzi, Wienhard [BIW] and Bradlow, GarciaPrada, Gothen [BGG1] , [BGG2] . Concerning higher dimensional lattices, the case of classical target Lie groups of rank two has been (almost entirely) treated in our previous paper [KM2] , but no general proof of the expected rigidity of maximal representations into higher rank Lie groups is known.
From a somewhat di¤erent perspective, the lattices we are considering are examples of Kähler groups, i.e. fundamental groups of closed Kähler manifolds. Being a Kähler group is a severe restriction and these groups share many rigidity properties with lattices in semisimple Lie groups, the first historical example of this phenomenon being Siu's strengthening of Mostow strong rigidity theorem [Siu] . The aim of this paper is to show how the definition of the Toledo invariant and the known characterizations of maximal representations can be generalized to the case where the represented group G is no longer a (higher dimensional) complex hyperbolic lattice, but merely the fundamental group of a smooth variety of general type.
This generalization is made possible by the fact that some of the results we mentioned were (or can be) proved with complex di¤erential geometric methods. In particular, the most recent works use the theory of Higgs bundles, developed by Hitchin [Hi1] , [Hi2] and Simpson [Sim1] , [Sim2] precisely for studying linear representations of Kähler groups (see [BGG1] , [BGG2] for surface groups, and [KM2] for higher dimensional lattices). This approach casts a new light on the reason why such results hold and indicates that they should be valid in a much wider setting.
Before explaining a little the issues one has to address when trying to generalize the definition of the Toledo invariant, let us say a few words about why we think the context of varieties of general type is the right one. First, there are many examples of interesting representations of fundamental groups of varieties of general type into noncompact Lie groups of Hermitian type. For instance, this context encompasses highly non trivial representations p 1 ðX Þ ! SUðm; 1Þ for some Kähler manifolds X which have negative sectional curvature, but are not covered by the complex unit ball B m of dimension m. We think of the so-called Mostow-Siu surfaces and their generalizations (see the more recent work of Deraux [D1] , and [D2] for a 3-dimensional example) which by construction admit such representations. On the other hand, although we are not dealing with general Kähler groups, a factorization theorem of Zuo [Z] , generalizing [Mo] , asserts that given a compact Kähler manifold X and a Zariski-dense representation r : p 1 ðX Þ ! G H SLðn; RÞ of its fundamental group into a linear simple Lie group, there exists a finite étale cover e : X e ! X , a proper modificationX X e ! X e , a smooth variety X gt of general type, a surjective holomorphic map s :X X e ! X gt and a representation r gt : p 1 ðX gt Þ ! G such that r e Ã ¼ r gt s Ã , where p 1 ðX X e Þ is canonically identified with p 1 ðX e Þ. So, in a way, the study of representations of fundamental groups of Kähler manifolds in linear simple Lie groups is reduced to the study of representations of fundamental groups of smooth varieties of general type.
For the complex di¤erential geometric viewpoint we want to adopt, it is more convenient to consider the Toledo invariant as the degree of a line bundle over X associated to the representation r : G ¼ p 1 ðX Þ ! G. This interpretation is indeed the best suited for the generalization to representations of fundamental groups of varieties of general type we are aiming at. Even in the classical case, namely when studying representations of complex hyperbolic lattices, it is di‰cult to give definitions and proofs as independent as possible of the di¤erent types of target Lie groups G. In the end one almost always needs to resort to the classification of Hermitian symmetric spaces. We have included in Section 2 a somehow detailed discussion of this question and the reader more interested by varieties of general type may read only the beginning, skip to Definition 2.1, and then to Section 3, where we define the Toledo invariant for fundamental groups of varieties of general type. Whereas in the classical case degrees are naturally computed using the canonical polarization of the locally symmetric manifold GnB m , there is no such obvious choice of a polarization on a smooth variety of general type X . Examination of the existing proofs of the Milnor-Wood inequality shows in particular that in order to get a useful definition of the Toledo invariant in the general type case, namely one for which such an inequality holds, we need a polarization with respect to which the tangent bundle of X is semistable. It turns out that in general it is necessary to choose what we call a good birational model of the variety whose fundamental group we are representing, because polarizations with the right properties do not exist on all birational models. The existence of these good models relies on the existence of the canonical model of the variety X , a recent and very deep result ( [BCHM] ). Since any two smooth birational varieties have isomorphic fundamental groups, r can be considered as a representation of both those groups. As a consequence, the represented group G should not be understood as the fundamental group of a precise smooth variety of general type X but rather as the common fundamental group of all smooth representatives of the birational class of X , and the representation r should be seen as a representation of this kindof-abstract group. The definition of the Toledo invariant we propose indeed does not depend on X , only on its birational class.
With this in mind, we can extend the results of [KM2] to our new setting. We consider representations into Lie groups whose associated symmetric spaces are the classical Hermitian symmetric spaces of noncompact type of rank one or two (with the exception of the symmetric space associated to SO Ã ð10Þ). This condition on the rank of the target Lie group comes from the fact that, already in the classical case of representations of higher dimensional complex hyperbolic lattices, the Milnor-Wood type inequality of Burger-Iozzi has not yet been proved within the complex geometric framework under more general assumptions. Such restrictions, on the ranks of the groups, or on the ranks of Higgs bundles, or on the complexity of variations of Hodge structures, appear for similar reasons when dealing with numerous related questions, see for example [Kl] , [R] , or [VZ] , [MVZ] . These last two papers concern the generalization of Arakelov inequalities known for VHS over curves to VHS over higher dimensional basis and the rigidity that can be deduced from the equality case. The same kind of di‰culties arises in this setting and one needs to restrict to VHS of weight 1 (we refer to [V] for a survey on Arakelov inequalities and a discussion of their relations with our work).
Coming back to the Milnor-Wood inequality, the good side of things is that the known complex di¤erential geometric proofs give more information on the equality case than Burger and Iozzi general proof, and indeed they allow to completely characterize maximal representations. Here, because of the nature of the Toledo invariant, the characterization we obtain concerns both the representation and the variety whose fundamental group is maximally represented, or more precisely its birational class, through its canonical model.
Theorem. Let X be a smooth variety of general type and of complex dimension m f 2 and let X can be its canonical model. Let G be either SUðp; qÞ with 1 e q e 2 e p, Spinðp; 2Þ with p f 3, or Spð2; RÞ. Finally let r : p 1 ðX Þ ! G be a representation.
Then the Toledo invariant of r satisfies the Milnor-Wood type inequality
where K X can is the canonical divisor of X can .
Equality holds if and only if G ¼ SUðp; qÞ with p f qm and there exists a r-equivariant holomorphic or antiholomorphic proper embedding from the universal cover of X can onto a totally geodesic copy of complex hyperbolic m-space B m , of induced holomorphic sectional curvature À1=q, in the symmetric space associated to G. In particular, the canonical model of X is then smooth and uniformized by B m , and the representation r is discrete and faithful.
As we said, this result covers representations in all classical Hermitian Lie groups G of rank 1 or 2, except the rank 2 group SO Ã ð10Þ. Whereas it may be possible to give an ad hoc proof for SO Ã ð10Þ, we did not try to figure it out since, because of the inclusion SO Ã ð10Þ H SUð5; 5Þ, this case should follow from a general proof where the restriction on the rank of the target Lie group has been removed.
The statement is given in terms of groups G whose complexification is simply connected because it is easier in this case to define the Toledo invariant as the degree of a line bundle, see Section 2 for details about this point. If the representation r takes values in the quotient of such a group G by a finite normal subgroup (for example in PUðp; qÞ instead of SUðp; qÞ, in SO 0 ðp; 2Þ instead of Spinðp; 2Þ, or in SO Ã ð8Þ instead of Spinð6; 2Þ), the result still holds since there exists a normal subgroup of finite index in p 1 ðX Þ on which the representation lifts to G (see the end of Section 2). This subgroup is the fundamental group of a finite étale cover X 0 of X , and so we have a representation r 0 : p 1 ðX 0 Þ ! G. With the right definitions, tðr 0 Þ ¼ dtðrÞ, where d is the degree of the cover X 0 ! X , so that the theorem for r 0 : p 1 ðX 0 Þ ! G implies the result for the initial representation r.
The proof of the theorem is given in Section 4. In Subsection 4.1 we prove the Milnor-Wood type inequality. We begin by reviewing the stability properties, for vector bundles as well as for Higgs bundles, that were already needed in the classical case of representations of complex hyperbolic lattices, and we check that they still hold for the polarization chosen to define the Toledo invariant in the general type case, the crucial point being the semistability of the tangent bundle of the variety. Once these properties are established, the proof of the Milnor-Wood inequality goes exactly like in the classical case. Maximal representations are discussed in Subsection 4.2. Their characterization is noticeably more di‰cult than in the classical case, because the Ahlfors-Schwarz-Pick lemma is not available anymore, and because we need to work on the possibly singular canonical model of the variety.
Given a nef Q-line bundle L (a polarization) on a variety X , the L-degree of any coherent sheaf F on X is given by:
where c 1 ðFÞ A H 2 ðX ; RÞ is the first Chern class of F (see for example [Ko] for the definition) and c 1 ðLÞ A H 2 ðX ; RÞ denotes the first Chern class of L. In the same way, we can compute the L-degree of any smooth complex line bundle F and we will use freely the no-
When X is a closed Hermitian locally symmetric space of the noncompact type and r a representation of its fundamental group into a Lie group of Hermitian type, the Toledo invariant of r can be interpreted as the degree of some line bundle on X computed with the polarization coming from the canonical bundle K X of X . There is a certain degree of freedom in the choice of this line bundle and this is what we want to focus on in this section. Later, when dealing with fundamental groups of varieties of general type, it is the polarization used to compute degrees that we shall discuss.
What follows is valid with the obvious modifications for lattices in the automorphism group of any Hermitian symmetric space of the noncompact type but for the reasons given in the introduction we will stick here to complex hyperbolic lattices. So let G be a (torsion free) uniform lattice in the automorphism group of complex hyperbolic m-space B m , and let X ¼ GnB m be the quotient complex hyperbolic manifold. Let G be a linear connected simple noncompact Lie group of Hermitian type. Remember that rk G is the split rank of G, namely the rank of its associated symmetric space Y, and that o Y and o X are respectively the G-invariant Kähler form on Y and the Kähler form on X coming from the invariant Kähler form on B m , both normalized so that the minimum of their holomorphic sectional curvatures is À1. Let finally r be a representation of G in G.
Hermitian symmetric spaces of the noncompact type are Kähler-Einstein manifolds with negative first Chern form, hence the first Chern form of their canonical bundle is their Kähler form up to a positive multiplicative constant. Therefore, if c Y is such that
where degrees are computed w.r.t. the canonical polarization of X , f : B m ! Y is any smooth r-equivariant map and f Ã K Y is the vector bundle on X obtained by first pullingback the canonical bundle K Y of Y to B m by f and then pushing it down to X . Note that the isomorphism class of f Ã K Y depends only on r, not on f , since any two such equivariant maps are equivariantly homotopic.
The Milnor-Wood inequality can then be written
We would like to get rid of the normalizing constant c Y in order to make our forthcoming statements as independent as possible of the di¤erent types of target Lie groups or symmetric spaces. For this, we embed Y into its compact dual Y c , and we use the fact that the canonical bundle K Y c of the Hermitian symmetric space of the compact type Y c admits a c Y th-root. This is probably well-known to experts but we give some details because there are some subtleties we wish to discuss. A good general reference for what follows is [Kn] , see also [GS] .
Note that G C is a connected simple complex Lie group. If G C is not simply connected, letG G C be its universal cover, and callQ Q,Ũ U,K K the preimages of Q, U, K inG G C . ThenQ Q,Ũ U andK K are connected,Q Q is a maximal parabolic subgroup ofG G C ,Ũ U a maximal compact subgroup, and
By a result of Murakami [Mu] 2 ðY c ; ZÞ are isomorphic. Now let g be an element of G C (orG G C ) and let L be any line bundle on Y c . Since G C (orG G C ) is connected and the Chern classes are integral classes, c 1 ðg Ã LÞ ¼ c 1 ðLÞ and hence g Ã L and L are isomorphic. Hence there is an automorphism of L which acts by g on Y c and the transitivity is proved. In other words, the image G C ofG G C in AutðY c Þ is in the image of the natural morphism from AutðLÞ to AutðY c Þ. At the Lie algebra level, we hence have a surjective morphism autðLÞ ! g. Since g is simple, this map has a right inverse by Levi's theorem and, by simple connectedness, this gives a morphism fromG G C to AutðLÞ. Restricted toQ Q, this morphism lands in the automorphism group of the fiber of L above eQ Q A Y c , and thus defines a character w ofQ Q. Moreover, the line bundle L is just the bundle associated to theQ Q-principal bundleG G C ! Y c via the action ofQ Q on C by w.
Denote by g, q, u, g 0 and k 0 the Lie algebras of
Moreover, if h 0 is a maximal Abelian subalgebra of k 0 , then it is a Cartan subalgebra of g 0 and its complexification h is a Cartan subalgebra of g. This follows from the fact that, Y being Hermitian symmetric, k 0 has a 1-dimensional center z 0 which must be contained in h 0 and whose elements do not commute with non zero elements of p 0 . Let Z be the element of z 0 giving the complex structure of p 0 and hence of Y. The complexification z of z 0 satisfies z H h H k H q and q ¼ z l ½q; q.
Because of this last fact, the weight dw jh A h Ã associated to a character w of Q orQ Q is entirely determined by its value on Z. In particular, HomðQ Q; C Ã Þ and hence H 1 ðY c ; O Ã Þ are isomorphic to Z. So let L be the negative generator of H 1 ðY c ; O Ã Þ and consider the integer
Let D H h Ã be the set of roots of g relative to the Cartan subalgebra h and let P be a basis of D. A root b A D is said to be compact if bðZÞ ¼ 0, noncompact otherwise. Let D k be the set of compact roots, and D þ p the set of positive noncompact roots. For each root b A D, let h b be the element of h determined by bðY Þ ¼ Bðh b ; Y Þ for all Y A h, where B is the Killing form of g. Since u is a compact real form of g, the roots are purely imaginary on h 0 and
g Gb is the (Gi)-eigenspace of adðZÞ on p (in particular,
By choosing a basis of p À adapted to the root space decomposition, we see that the action of adðY Þ on
On the other hand, the weight l A h Ã given by the generator L of H 1 ðY c ; O Ã Þ is minus the fundamental weight corresponding to the unique noncompact root z in the set of simple roots P. More precisely, l is the weight defined by the relations Bðl; aÞ ¼ lðh a Þ ¼ À 1 2 kak 2 d a; z for all a A P (here d is the Kronecker delta and We may choose a set F of rk Y strongly orthogonal noncompact positive roots, meaning that for a; b A F, neither a þ b nor a À b is a root, so that Bða; bÞ ¼ 0 for a 3 b. Moreover we can find vectors e a A g a for a A GF such that e a ¼ e Àa (where complex conjugacy is w.r.t. the noncompact real form g 0 of g), Bðe a ; e b Þ ¼ d a; Àb and ½e a ; e b ¼ d a; Àb h a . Since any vector of p þ can be sent to an element in P a A F Ce a by the adjoint action of K, it is enough to compute the holomorphic sectional curvature of a line spanned by such an ele-
since as we said adðZÞ acts by multiplication by
It follows from the classification of irreducible symmetric spaces that the root z coming from the complex structure on a Hermitian symmetric space is long (see [Kn] , p. 414). Thus
Hence the minimum of the holomorphic sectional curvature of the Killing form is indeed
Coming back to the definition of the Toledo invariant of the representation r : G ! G and to the Milnor-Wood inequality, we denote by L Y the restriction to Y of the negative generator of
. Our discussion so far shows that, when the complexification G C of G is simply connected, G acts by automorphisms on L Y and hence G acts by automorphisms on f Ã L Y which therefore descends to a line bundle on X . As before, the isomorphism class of this bundle is independent of the chosen equivariant map. The Toledo invariant of r : G ! G is defined to be the degree of this bundle:
Proposition-definition 2.1. Let G be a (torsion free) uniform lattice in the automorphism group of complex hyperbolic m-space B m . Let r be a homomorphism of G into a linear connected simple noncompact Lie group of Hermitian type G whose complexification is simply connected. Let Y be the Hermitian symmetric space of the noncompact type associated to G and let Y c be its compact dual. Then the pull-back of the restriction to Y of the negative generator of the Picard group of Y c by any r-equivariant map f : B m ! Y descends to a line bundle on X ¼ GnB m whose isomorphism class depends only on r and which is denoted by L r .
The Toledo invariant of r is defined to be the K X -degree of the bundle L r :
With this definition, tðrÞ ¼ 1 
We end this section by discussing the additional condition on the group G given in the definition, namely that its complexification G C should be simply connected. In general, G C is a finite cover of the group of automorphisms of the compact dual Y c of the symmetric space associated to G. Here we have chosen the universal cover since this gives the nicest picture of the Toledo invariant as the degree of a line bundle. However, one often prefers to work with groups which admit faithful linear representations in dimension as small as possible. The classification of symmetric spaces for example is generally given in terms of those groups. Here is E. Cartan's list of classical Hermitian symmetric spaces G=K of the noncompact type as found in [He] , where we inserted the value of the constant c G=K : For our definition of the Toledo invariant, we asked for the line bundle f Ã L Y to descend on X . When G C is not simply connected, this is not always possible because G might not act on L Y . More precisely, this is not true if some characters of the preimageQ Q of the maximal parabolic Q < G C inG G C do not come from characters of Q. The character groups of Q and K (resp.Q Q andK K) are isomorphic, so, in case G C is not simply connected, it is enough to check whether all characters ofK K are lifts of characters of K. Going through the list of classical Hermitian symmetric spaces we just gave, we obtain: -Type A III: the complexification of G ¼ SUðp; qÞ is SLðp þ q; CÞ which is simply connected.
-Type BD I: the complexification of G ¼ SO 0 ðp; 2Þ is SOðp þ 2; CÞ whose universal cover isG G C ¼ Spinðp þ 2; CÞ. The maximal compact subgroup K of G is SOðpÞ Â SOð2Þ, its preimage inG G C isK K ¼ Spin c ðpÞ ¼ SpinðpÞ Â Z 2 Spinð2Þ. If SOð2Þ and Spinð2Þ are identified with Uð1Þ, and if p denotes the covering map SpinðpÞ ! SOðpÞ, then the 2-sheeted covering mapK K ! K is given by ðs; zÞð¼ ðÀs; ÀzÞÞ 7 ! À pðsÞ; z 2 Á . Since the characters of K K are trivial when restricted to its derived subgroup SpinðpÞ Â f1g, they all come from characters of K: G acts on L Y and the bundle f Ã L Y goes down to X .
-Type C I: the complexification of G ¼ Spðn; RÞ is Spðn; CÞ which is simply connected.
-Type D III: the complexification of G ¼ SO Ã ð2nÞ is SOð2n; CÞ whose universal cover isG G C ¼ Spinð2n; CÞ. The maximal compact subgroup K of G is UðnÞ ¼ SUðnÞ z Uð1Þ; its preimageK K inG G C is also isomorphic to a semidirect product SUðnÞ z Uð1Þ and the 2-sheeted covering mapK K ! K is given by ðA; zÞ 7 ! ðA; z 2 Þ. In this case the triviality of the restrictions of the characters ofK K to its derived subgroup SUðnÞ Â f1g is not enough: if the character group ofK K is identified with Z, only the characters belonging to 2Z are lifts of characters of K. In any case, if the representation r takes values in a group G ¼Ĝ G=H, whereĜ G is a Hermitian Lie group whose complexification is simply connected and H is a finite normal subgroup ofĜ G, then as above there exists a power L Moreover, the representation almost lifts to a representation with values inĜ G:
Lemma 2.2. Let G be a finitely generated group,Ĝ G a linear group defined over a field of characteristic zero, a surjective homomorphism p :Ĝ G ! G with finite kernel and r a homomorphism from G to G. Then there exists a normal subgroup G 0 of finite index in G on which the homomorphism r lifts to a homomorphism r 0 :
It is finitely generated since G is and the kernel of p is finite. By Selberg's lemma, it admits a torsion free normal subgroup of finite indexĜ G 0 . Again because the kernel of p is finite, the restriction of p toĜ G 0 is injective. Therefore the subgroup G 0 ¼ r
Now, if G ¼ p 1 ðX Þ for X a closed complex hyperbolic manifold (or later a smooth variety of general type), the subgroup G 0 given by the lemma is the fundamental group of a finite étale cover X 0 of X , which is also a closed complex hyperbolic manifold (or a smooth variety of general type). The Toledo invariant of the representation r 0 : G 0 !Ĝ G is ½G : G 0 times the Toledo invariant of the representation r : G ! G. This implies that all the results obtained in this paper for representations in a Hermitian Lie group whose complexification is simply connected are still true for representation in a quotient of such a group by a finite normal subgroup.
The Toledo invariant: fundamental groups of varieties of general type
The reader will need some rudiments about the Minimal Model Program for which a good reference is [KMM] . We only quote results which are useful for our purpose.
Let X be a smooth projective variety of general type and of dimension m f 2. Recall that this means that the canonical bundle K X of X is big, namely that lim sup
Let r : p 1 ðX Þ ! G H GLðn; CÞ be a representation of p 1 ðX Þ in a connected simple noncompact Lie group of Hermitian type G whose complexification is simply connected. Let f :X X ! Y be a r-equivariant map from the universal cover of X to the symmetric space associated to G, and L r ! X be (the isomorphism class of) the line bundle associ-ated to r we constructed in the previous section. As explained there, when X is a ball quotient, the classical Toledo invariant of r can be interpreted as the degree of L r , computed with respect to the polarization defined by the canonical class on X : tðrÞ ¼ L r Á ðK X Þ mÀ1 . As a consequence, the Toledo invariant could be defined in the same way for representations of the fundamental group of any smooth variety with negative first Chern class.
When the canonical bundle K X of X is big but not nef, although we cannot consider the class c 1 ðK X Þ as a polarization, the number Ð X c 1 ðL r Þ5c 1 ðK X Þ mÀ1 makes sense and a first attempt would be to take it as a definition of the Toledo invariant. The following simple example shows that this is too naive. Let Y be a compact ball quotient of dimension 3, C a smooth curve in Y , and let f : X ! Y be the blow-up of Y along C. Let r : p 1 ðX Þ ! SUð3; 1Þ be the isomorphism f Ã : p 1 ðX Þ ! p 1 ðY Þ induced by f . We want to compute the intersection number
where E is the exceptional divisor. Therefore,
and, E being isomorphic to the projectivization PðN C=Y Þ of the normal bundle N C=Y of C in Y , E jE is the first Chern class of the tautological bundle T over E.
If we now choose C to be given by the zeros of two general sections of
Y is unbounded in d and we cannot hope for a Milnor-Wood inequality.
The generalization of the Toledo invariant to the case of smooth varieties of general type is therefore not straightforward. The previous example shows that we have to ''remove the negative part'' of K X in order to compute an invariant with good properties. In more precise terms, we need a Zariski decomposition of the canonical bundle of X , namely a decomposition K X ¼ L þ N, where L and N are Q-divisors, L being nef and N being e¤ec-tive, such that the natural map
is bijective for any k f 1 (where dkNe denotes the round up of the Q-divisor kN). In particular, this implies that we will have to work on special birational models of our given variety of general type, whose existence follows from the following deep result:
Theorem (Birkar, Cascini, Hacon, McKernan [BCHM] ). Let X be a smooth variety of general type. Then, X has a minimal model, which implies that the canonical ring
Therefore the so-called canonical model X can :¼ Proj À RðX ; K X Þ Á of a smooth variety of general type X is well defined. The variety X is birational to its canonical model X can but there is maybe no morphism X ! X can . However, if j : X 0 ! X can is a resolution of singularities of X can , then X 0 is a birational model of X of the type we are looking for. Indeed, the canonical model X can has canonical singularities, meaning that it is a normal variety, its canonical divisor K X can is a Q-Cartier divisor, and if j : X 0 ! X can is as above,
with N e¤ective and supported in the exceptional divisor. Moreover, the canonical divisor K X can is ample, so that j Ã K X can is indeed nef. Conversely, by the basepoint-free theorem in its generalized form [Ka] , if K X 0 admits a Zariski decomposition K X 0 ¼ L þ N for some birational model X 0 of X , then L is semi-ample which implies that there exists a proper modification j : X 0 ! X can and that L ¼ j Ã K X can as above. We call such a smooth model of X a good model. Even if varieties of general type are not necessarily projective, a good model is always projective.
As is well known, two smooth birational varieties have isomorphic fundamental groups. Therefore, if r is a representation of the fundamental group of a smooth variety of general type and if X is a good model of this variety, we can consider r as a representation of p 1 ðX Þ. This allows us to give the following Definition 3.1. Let G be the fundamental group of a smooth variety of general type and dimension m f 2 and let X can and X ! j X can be respectively the canonical model and a good model of this variety. Let r be a representation of G in a linear connected simple noncompact Lie group of Hermitian type G whose complexification is simply connected.
The Toledo invariant of r is the ðj Ã K X can Þ-degree of the line bundle L r ! X associated to r as in Section 2:
It is easy to see that the invariant is well-defined, namely that it does not depend on the choice of the good model. Indeed, let X and X 0 be two good models of the same variety of general type. Then, by a theorem of Hironaka, there exists a manifold X 0 and proper modifications n : X 0 ! X and n 0 : X 0 ! X 0 (X 0 is automatically a good model), such that the following diagram commutes:
If f :X X ! Y and f 0 :X X 0 ! Y are smooth r-equivariant maps (keeping in mind that the fundamental groups of X , X 0 and X 0 are naturally isomorphic) then f ñ n and f 0 ñ n 0 are r-equivariant maps onX X 0 (whereñ n andñ n 0 denote lifts of n and n 0 on the respective universal covers). Then, it is immediate that
We remark also that deg
is independent of the good model X of the variety we are considering and that its value is K m X can .
Proof of the main result
We recall the statement of our main theorem:
Theorem 4.1. Let X be a smooth variety of general type and of complex dimension m f 2, and let X can be its canonical model. Let G be either SUðp; qÞ with 1 e q e 2 e p, Spinðp; 2Þ with p f 3, or Spð2; RÞ. Finally let r : p 1 ðX Þ ! G be a representation.
Equality holds if and only if G ¼ SUðp; qÞ with p f qm and there exists a r-equivariant (anti)holomorphic proper embedding from the universal cover of X can onto a totally geodesic copy of complex hyperbolic m-space B m , of induced holomorphic sectional curvature À1=q, in the symmetric space associated to G. In particular, X can is then smooth and uniformized by B m , and the representation r is discrete and faithful.
We will first prove the inequality, and then study the equality case. In what follows, the smooth variety of general type X that appears in the theorem will be assumed to be a good model, i.e. to be such that the pluricanonical map j : X ! X can is a morphism. As explained before, there is no loss of generality in doing so. Unless otherwise specified, all degrees on X will be computed with respect to the polarization j Ã K X can and we will abbreviate deg j Ã K Xcan to deg.
4.1.
Proof of the Milnor-Wood type inequality. We recall briefly the notions of semistability that we will need: let L be a nef Q-line bundle on a complex manifold X and let F be a coherent (saturated) sheaf of positive rank on X . We already defined the L-degree
We have the corresponding notion of L-semistability of a holomorphic vector bundle E on X : this means that for any coherent subsheaf F of O X ðEÞ, m L ðFÞ e m L ðEÞ if rkðFÞ > 0.
Similarly, a Higgs bundle ðE; yÞ on X (that is a holomorphic vector bundle E together with a holomorphic map y :
e m L ðEÞ holds for any coherent Higgs subsheaf of positive rank F of O X ðEÞ, namely for any subsheaf of positive rank F of O X ðEÞ such that yðFÞ H F n W 1 X . The Higgs bundle is said to be L-stable if the inequality is strict when rkðFÞ < rkðEÞ. Finally, we say that ðE; yÞ is L-polystable if it is a direct sum of stable Higgs bundles of the same slope.
The following result will be crucial for the proof of Theorem 4.1: Theorem (Enoki [E] ). Let X ! j X can be a good model of a variety of general type. Then the tangent bundle T X of X is ðj Ã K X can Þ-semistable.
Let now r : p 1 ðX Þ ! GLðn; CÞ be a reductive representation. By a result of Corlette [C] , there exists a harmonic r-equivariant map f :X X ! Y, where Y ¼ GLðn; CÞ=UðnÞ. This map allows to construct a Higgs bundle E of rank n and degree 0 on X (through the standard representation of GLðn; CÞ on C n ) which is polystable with respect to any polarization coming from an ample divisor, see [Sim1] . Although the divisor j Ã K X can is not necessarily ample, we have the Lemma 4.2. Let X ! j X can be a good model of a smooth variety of general type. Let r : p 1 ðX Þ ! GLðn; CÞ be a reductive representation. Then, the associated Higgs bundle ðE; yÞ is ðj Ã K X can Þ-polystable.
Proof. As in [Sim1] , this is a consequence of the Chern-Weil formula, together with the fact that, thanks to the ampleness of K X can , j Ã K X can can be endowed with a smooth metric whose curvature is semi-positive, and strictly positive outside the exceptional set ExðjÞ of j. We give details of the proof of the lemma for the sake of completeness.
Ã where D H is the component preserving the harmonic metric H defined by f . Let F H O X ðEÞ be a saturated Higgs subsheaf and let Y H X be an analytic subset of X of codimension at least 2 such that F is a vector subbundle of E outside of Y . On X nY , we can decompose the flat connection D E with respect to the orthogonal decomposition E ¼ F l F ? where the background metric is H, and denoting by s A C y 1; 0 À X ; HomðF; F ? Þ Á the second fundamental form of F:
Ã 2 þ sÞ. In order to compute the degree of F, we can use the connection
If moreover deg F ¼ 0, then y 2 and s vanish identically on X n À Y W ExðjÞ Á (because c 1 ðj Ã K X can Þ is strictly positive on X nExðjÞ) and hence they vanish on X nY by continuity. Therefore E splits holomorphically as a direct sum of two Higgs subbundles on X nY . A classical argument due to Lü bke (see [Ko] , p. 179) shows that this splitting extends to X . r When the representation r takes values in a Lie group of Hermitian type, the associated Higgs bundle E has some extra-structure, see for example [KM2] . Since representations r : p 1 ðX Þ ! G ¼ SUðp; qÞ H SLðp þ q; CÞ, p f q f 1 will be of particular importance for us, we give some more details in this case. The symmetric space Y associated to G ¼ SUðp; qÞ has rank q and is an open subset in the Grassmannian Y c of q-planes in E ¼ C pþq . If W A Y is a q-plane and if V ¼ E=W, the holomorphic tangent bundle of Y at W is identified with HomðW; VÞ, which we see as the space of p Â q complex matrices.
With respect to this identification, the Hermitian product h coming from the Kähler metric o Y is given by hðA; BÞ ¼ 4 tr t BA, so that the holomorphic sectional curvature of the complex line spanned by A equals Àtrð t AAÞ 2 =ðtr t AAÞ 2 , which is indeed pinched between À1 and À1=q. The trivial bundle E ¼ Y c Â E over Y c and its tautological subbundle S restrict to vector bundles on Y, denoted by the same letters. The bundle S, resp. the quotient bundle E=S, pulls back to a rank q, resp. p, holomorphic bundle W , resp. V , on X . The Higgs bundle E, which as a smooth bundle is the flat bundle obtained by pulling back E to X , splits holomorphically as the sum V l W . The Higgs field y A W 1 ðX ; End EÞ is in fact a holomorphic 1-form with values in HomðW ; V Þ l HomðV ; W Þ. We shall denote by b (resp. g) the projection of y on the first (resp. second) summand of this decomposition. The decomposition V l W is orthogonal for the harmonic metric of E. The curvature forms of V and W w.r.t. this metric are given by
Moreover, the bundle f Ã T Y which goes down on X is isomorphic to HomðW ; V Þ so that degð
The line bundle L r is the pull-back of the determinant bundle of the tautological bundle on the Grassmannian, i.e. L r ¼ det W .
We are now ready to prove the Proposition 4.3. Let X be a smooth projective variety of general type of dimension m and let X can be its canonical model. Let G be either SUðp; qÞ with 1 e q e 2 e p, Spinðp; 2Þ with p f 3 or Spð2; RÞ. Finally let r : p 1 ðX Þ ! G be a representation. Then the MilnorWood type inequality
Proof. In fact the proof is exactly the same as in the classical case where X is a compact quotient of B m , the key ingredients being only the semistability of the Higgs bundle E associated to r (Lemma 4.2) and the classical semistability of T X (Enoki's theorem) with respect to the polarization chosen to define the Toledo invariant. Let us first illustrate the importance of the stability properties by treating the case G ¼ SUðp; 1Þ.
If r is not reductive, there exists a 1-form v on Y ¼ B p which is invariant by the action of r À p 1 ðX Þ Á and such that dv ¼ 1 4p o Y , see for example [KM1] . Therefore,
We suppose now that r : p 1 ðX Þ ! SUðp; 1Þ is reductive and we call E ¼ V l W the Higgs bundle associated to r defined above.
Since T X is a semistable vector bundle, its twist by the line bundle W is semistable too and the image Im b of the morphism b : W n T X ! V thus satisfies mðW Þ þ mðT X Þ e mðIm bÞ (remark that if b 1 0, W is a Higgs subsheaf of E and we imme-diately get deg W e 0). Combining this inequality with the fact that W l Im b is a Higgs subsheaf of E, we obtain:
where r is the generic rank of b. Therefore, we get the desired bound
because r e m.
The proof of the lower bound goes exactly the same way by considering the dual of the Higgs bundle E.
The proof for rank 2 G's is much more involved, indeed one needs to make use of the C Ã -action on the moduli space of polystable Higgs bundles. We say a few words about the case G ¼ SUðp; 2Þ, from which the case Spð2; RÞ follows because of the inclusion Spð2; RÞ H SUð2; 2Þ, but we refer the reader to [KM2] for details and for the case of Spinðp; 2Þ. As explained there, the C Ã -action allows to deform the Higgs bundle associated to the representation to a so-called system of Hodge bundles. In the case of a reductive representation in SUðp; qÞ, this means that the Higgs bundle (for a new holomorphic structure) splits holomorphically as a sum E ¼ E 1 l E 2 l Á Á Á l E r , and the Higgs field decomposes as a sum of y i : E i ! E iþ1 n W 1 X , the E i being alternatively in V or W . We abuse notation and we denote by
such a system of Hodge bundles (be careful that this just means that y i sends E i to
If q ¼ 2, W has rank 2, and we see that by regrouping and renaming the subbundles if necessary, we can write our system of Hodge bundles either as a polystable Higgs bundle of the form
with V 1 l V 2 ¼ V , or as a polystable Higgs bundle of the form
where W 1 and W 2 are line bundles,
In the first case, the desired bound on the degree of W is not di‰cult to get. Let F be the maximal destabilizing subsheaf of W , that is, the first term in the HarderNarasimhan filtration of W . By definition, F has maximal slope among the subsheaves of W , hence is semistable. Consider the restriction b F : F n T X ! V 2 . Since y vanishes on V 2 , F l Im b F is a Higgs subsheaf and hence by stability, deg Im b F e Àdeg F. Now, the tensor product of two semistable sheaves is again semistable and hence F n T X is semistable. Therefore we have mðFÞ þ mðT X Þ ¼ mðF n T X Þ e mðIm b F Þ which implies
where the first inequality follows from the fact that F is of maximal slope among the subsheaves in W , and the last from rk b F e m rk F.
Again, the lower bound is obtained by considering the dual Higgs bundle.
The second case is more complicated, see [KM2] . r
Maximal representations.
In this section all representations will be assumed to have a positive Toledo invariant. This is not a loss of generality since if a representation is maximal with negative Toledo invariant, we may change the complex structure of X for its opposite to get our result.
If we look back at the proof of the Milnor-Wood inequality we just gave in some special cases, we see that if tðrÞ is maximal, then b : W n T X ! V is generically injective and deg W þ deg Im b ¼ 0. This will be a crucial information and it follows from [KM2] that the same kind of conclusion holds for maximal representations in the Lie groups listed in Theorem 4.1. To be more precise, if r is a maximal representation of the fundamental group of a variety of general type and dimension m f 2 in such a Lie group G, then necessarily r is reductive, G is SUðp; qÞ with q ¼ 1; 2 and p f qm, and moreover if ðE ¼ V l W ; y ¼ b l gÞ is the Higgs bundle associated to r on a good model X , then deg W þ deg Im b ¼ 0 and b : W n T X ! V is generically injective.
We believe that this is still true in the general case where no restriction is made on the rank of the target Lie group G. Therefore, since the rest of our arguments are valid in this more general setting, we formulate the following proposition, which implies our main theorem.
Proposition 4.4. Let r be a reductive representation of the fundamental group of a variety of general type and dimension m f 2 in the group G ¼ SUðp; qÞ with p f qm and q f 1. Let X can and X ! j X can be respectively the canonical model and a good model of this variety, and let E ¼ V l W ! X be the ðj Ã K X can Þ-polystable G-Higgs bundle associated to the requivariant harmonic map f from the universal coverX X of X to the Hermitian symmetric space Y associated to G.
Assume that r is maximal, i.e. deg W ¼ q K m X can m þ 1 , and assume moreover that
Then f :X X ! Y factors through a r-equivariant holomorphic proper embedding of the universal cover of X can into a totally geodesic copy of complex hyperbolic m-space B m in Y of induced holomorphic sectional curvature À1=q. In particular, the canonical model X can is smooth and uniformized by B m , and the representation r is faithful and discrete.
Proof. The fact that b : W n T X ! V is generically injective implies of course that the morphism df : T X ! W Ã n V F f Ã T Y is generically injective, namely that the requivariant harmonic map f :X X ! Y is a generic immersion. But it has much stronger consequences.
The first one is that g 1 0, which is equivalent to the holomorphicity of f . We give a short proof of that point: let x A X be such that b x is injective and let x; h A T 1 x be two linearly independent tangent vectors (recall that m f 2). The relation y5y ¼ 0 implies that b x ðxÞg x ðhÞv ¼ b x ðhÞg x ðxÞv for any v A V x . Since b x is injective, we must have
¼ 0 and this is true for any x, h and v as above, thus g x 1 0. As a consequence, g vanishes generically on X hence identically.
At this point it is already possible to deduce that f :X X ! Y factors through the universal coverX X can of the canonical model of X . This follows from the Theorem (Takayama [Ta] ). Let X be a smooth variety of general type and X can its canonical model. Then the fundamental groups p 1 ðX Þ and p 1 ðX can Þ are naturally isomorphic (meaning that the isomorphism is induced by the map between the varieties).
Indeed, let A H X can be a subvariety of codimension f 2 such that X can nA is biholomorphic to X nB where B ¼ j À1 ðAÞ. Let us denote byÃ A resp.B B the lift of A resp. B inX X can resp.X X andj j a lift of j to the universal covers. Since p 1 ðX Þ and p 1 ðX can Þ are isomorphic, the restrictionj j jX X nB B :X X nB B !X X can nÃ A is a biholomorphism too. Finally, the holomorphic map f ðj j jX X nB B Þ À1 :X X can nÃ A ! Y H C pq can be extended to a r-equivariant holomorphic map g :X X can ! Y by normality ofX X can , and f ¼ g j j.
The degree of the Higgs subsheaf W l Im b of E being zero, if we call V 0 the saturation of Im b in V , we get by polystability of E that V 0 is a holomorphic subbundle of V of rank qm and that there exists a holomorphic subbundle V 00 of V such that E splits as the sum ðW l V 0 Þ l V 00 of two Higgs subbundles. The Higgs field of E is reduced to b, which we now see as a morphism from W n T X to V 0 . From the curvature formulas given in Subsection 4.1, we have
The Higgs field b : W n T X ! V 0 is generically injective, and so is
Hence there exists an e¤ective divisor D on X such that the line bundles ðdet W Þ m n K We now want to prove that the image of f lies in a totally geodesic copy of the ball B m in the symmetric space Y associated to SUðp; qÞ. As indicated to us by Mok, if r is discrete and f is an embedding, this follows from Theorem 3 in his joint paper [EM] with Eyssidieux. Here we extend their arguments, although in a somewhat di¤erent manner, to the generality we need. The key idea is to use again the injectivity of b, this time in computing degrees with respect to the polarization f Ã o Y .
Consider the morphism df : T X ! W Ã n V 0 and call I the saturation of its image in W Ã n V 0 . The sheaf I is a subbundle of W Ã n V 0 outside codimension 2 and df : T X ! I is generically an isomorphism. As before, there exists an e¤ective divisor D 0 such that det df : K À1 X n ½D 0 ! det I is an isomorphism (outside codimension 2). This implies that
Note that the support of D 0 is included in the support of D, hence in ExðjÞ, so that
for f ¼ g j j. Now,
X n ½D and det V 0 n ðdet W Þ Àm are isomorphic. Hence
On the other hand, c 1 ðIÞ Á ð f Ã o Y Þ mÀ1 can be computed using the fact that I is a subbundle of W Ã n V 0 (outside codimension 2). If s is its second fundamental form in W Ã n V 0 , then the first Chern form of I is Hence, i trðR
By continuity, this inequality holds at the points where both sides are defined, namely outside a codimension 2 subset of X .
Summing up, we have
Therefore the semipositive form i trðs5s Ã Þ5ð f Ã o Y Þ mÀ1 vanishes, and equality holds in the inequality i trðR
The first point means that the second fundamental form of I is zero on the dense open set where it is defined and f Ã o Y is positive definite, so that f mapsX X into a totally geodesic m-dimensional submanifold Z of Y. The second one implies that for all k 3 l, all the column vectors of b k are orthogonal to all the column vectors of b l , and that for all k the column vectors of b k are pairwise orthogonal and have the same norm (w.r.t. the standard Hermitian scalar product on C qm ). Using the formula for the holomorphic sectional curvature in Y, we see that the holomorphic sectional curvature of every complex line in df ðTX X Þ H T Y equals À1=q. Hence the totally geodesic submanifold Z is indeed a ball B m of maximal possible holomorphic sectional curvature in Y.
We are ready to prove that X can is smooth. We may consider that the target of the maps f and g is Z, and that they are equivariant with respect to the induced representation of p 1 ðX Þ in the automorphism group AutðZÞ of Z, which will be still denoted by r. Note that this new representation is still maximal as a representation in the rank one Lie group AutðZÞ. Indeed, the maximality of the initial representation means that
